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Intrinsic Equations for the Nonlinear Dynamics of Space Beams

A. Libai*
Technion—Israel Institute of Technology, Haifa 32000, Israel

Equations are developed for the fully intrinsic nonlinear dynamics of a spatially curved, pretwisted beam.
Direct deformation measures are used as variables. Large deformations can be accommodated. The Bernoulli-
Euler assumption is introduced for the gross dynamics but not for the constitutive relations. The latter may also
be inelastic and time dependent. Initial and end conditions (force and kinematic types) are presented. Specific
equations are also given for the planar case and for the linear case. Some of the merits and drawbacks of this
approach are discussed. The extension to a continuum is also briefly discussed.

Introduction

T HIS paper is concerned with the formulation of the equations
for the fully intrinsic nonlinear dynamics of a spatially curved

and pretwisted beam (space beam). The equations are constructed
in terms of the following direct deformation measures: extension A,
curvatures A:/ of the beam reference line, and the local angular ve-
locities a,- (i = 1, 2, 3) of the deforming material base vectors along
the line. Position, displacements, rotations, and linear velocities are
excluded from the formulation. Any data or end conditions should
be specified in terms of the deformed beam directions.

Vector quantities that describe the kinematics and dynamics of the
beam are utilized in the process of deriving the intrinsic equations.
These are defined in an inertial frame. The vector quantities do not
appear in the final form of the equations, but the implicit presence
of the inertial frame is expressed through the derivation process. At
the initial state, the beam is assumed to be oriented in the inertial
frame and its basic quantities, including position, base vectors, dy-
namic vectors, and velocities, are expressed in this frame. Once the
quantities that are needed for the integration process are extracted,
no further explicit use of the frame is made, as long as the process
is restricted to the calculation of the direct deformation variables.
However, if position (displacements), velocities, and rotations are
important objectives of the analysis, then the external frame com-
ponents should be used in the further integration process. In such
cases the intrinsic method loses some of its advantages and other
formulations may be more useful.

From a geometrical point of view, the formulation can accept
very large deformations and a wide range of initial shapes (defined
by spatial distributions of curvatures and pretwist). It is required,
however, that constitutive algorithms be available for the specified
deformation and shape domains. The Bernoulli-Euler (BE) assump-
tion is used for the gross dynamics of the beam but is not necessary
for the constitutive relations. It may further restrict the ranges of
acceptable deformations, initial shapes, materials, and beam cross
sections. More extensive articles that discuss the problems associ-
ated with constitutive modeling appear in literature.1'2 At present,
the equations are developed for symmetrical cross sections. Inertial,
geometrical, and constitutive asymmetries can, however, be incor-
porated without difficulty.

In the statics of rods, plates, and shells, the use of direct de-
formation variables (extensions and changes of curvature) in lieu
of displacements and rotations is termed an intrinsic approach. In
shear deformation theories, shearing strains may also be added. The
nonlinear intrinsic statics of space beams was initially developed in
the 19th century by Clebsch and Kirchhoff. It was summarized by
Love.3 Further developments included incorporation of shear defor-
mations, warping effects, and more advanced constitutive relations.
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Many studies exist. For typical references see Antman,4 Reissner,5
and Danielson and Hodges.6 In the classical BE case, the equilib-
rium and constitutive equations can be reduced to four differential
equations in the three curvature A:/ and extension X. An important
requirement is that the data (loads and end conditions) be express-
ible in terms of the deformed directions. It is also desirable that the
problem be statically determinate. The static planar case has been
exhaustively discussed and many solutions exist. It is important to
realize that the rotation is related, in this case, directly to the defor-
mation variables. In fact, the elastica problem can also be regarded
as intrinsic.

The extension of the analysis to include dynamic terms opens up
several possibilities for the representation of those terms, and sev-
eral authors have used different approaches. Simo7 and Simo and
Vu-Quoc8 have used an inertial frame for their development, utiliz-
ing the fact that the dynamic terms have their simplest representation
in such a frame. Hodges9 utilizes a known moving reference frame
for his analysis. The latter is set, of course, in an inertial frame.
The use of floating reference frames was discussed by several au-
thors. These are reference frames that are attached to specific points
(not necessarily material) in the deforming body. They move and
rotate with it, and the deformation is measured with respect to the
frame. The advantage lies in the elimination of the large overall mo-
tion from the analysis, but the effects of the induced accelerations
must be included. (See, for example, McDonough,10 Canavin and
Likins,11 and Laskin et al.12)

In a more recent paper, Davis and Hirschorn13 presented a simpli-
fied large deformation dynamics model that is based on curvatures,
angular velocities, and linear velocities as variables (its appearance
coincided with the present author's paper14). Their model was cast
in a mixed vector-scalar form, utilizing an inertial frame as refer-
ence. The main simplifications included inextensionality, an initially
straight beam, no distributed loads, and simple, linearly elastic un-
coupled constitutive relations (which possessed some inaccuracies,
including an incorrect torsional rigidity coefficient). Their model
shares with the present model some features, namely, the use of cur-
vatures and angular velocities as some of its deformation variables
and the use of compatibility equations. It does, however, retain the
components of the linear velocity as major field variables, thereby
following a nonintrinsic direction, as will be discussed later.

Another approach to space beam dynamics was adopted by Green
and Laws,15 who developed equations of motion starting from the
dynamics of a Cosserat space line with two directors. Kinematics
and thermodynamics were included in the formulation. Their gen-
eral theory was then specialized to the case of elastic rods. The
outcome was nine equations of motion and constitution. The ac-
celeration components were retained in the analysis as additional
variables. Further developments in the Cosserat line theory were
made by Naghdi and Rubin,16 who considered several types of con-
stitutive constraints in their analysis. This approach awaits further
development and practical applications.

The intrinsic dynamic approach complements the other ap-
proaches and processes several advantages compared with these
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methods. Its major drawback lies in the fact that it is not very useful
in the rather common case of nonuniform loading or data defined
with respect to external reference frames. The merits and the de-
merits of the method, as well as the classes of problems for which
it is useful, will be briefly discussed in the sequel.

The use of intrinsic methods in dynamic problems requires clar-
ification: a pure intrinsic dynamic approach should, seemingly, uti-
lize only the extension and curvatures as field variables. Such an
approach, which was moderately successful in the case of doubly
curved shells,18 was not attempted here. Any other intrinsic dynamic
method must incorporate either angular velocities or linear veloci-
ties (or both). However, in the approach of this paper, an acceptable
candidate must produce (or necessitate the coexistence of) defor-
mations to have intrinsic properties. This criterion rules out linear
velocities (in fact, very large linear velocities can take place without
deformations) but accepts angular velocities. Thus, essentially, the
present intrinsic dynamic method utilizes the extension and curva-
tures (or corresponding stress resultants) as main variables and the
angular velocities as auxiliary variables.

The present author has been active in the past in the field of
intrinsic dynamics of shells.17"21 In some sense, this paper may
be regarded as an application of the methods developed in shell
analysis to the case of nonlinear beam dynamics. Important features
that are carried over include the capability to accommodate a wide
range of kinematic constraint conditions, the elimination of uniform
time-dependent loads and accelerations from the field equations,
the inclusion of inelastic and time-dependent constitutive relations,
and the setting of the problem in a convenient rate form. For other
features, see the discussion in the sequel. Here, as in the static case,
the planar problem has been treated more extensively. (See, for
example, Simo and Vu-Quoc22 for the use of inertial frames and
Libai17 for a treatment of the fully intrinsic dynamic case.)

The basic kinematics and equations of motion for space beams
are developed and/or appear in the referenced literature. Free use
will be made of the results. Some derivations are included to em-
phasize specific points, and the notation will be adjusted as needed.
In the paper, the differential equations for fully intrinsic beam dy-
namics are developed from the equations of motion and space-time
compatibility. They are set up in a time-rate form that is suitable for
time integration schemes. Constitutive relations and appropriate end
conditions are then presented. Some special cases are also briefly
discussed. The merits and demerits of this approach and types of
problems for which it is useful are put forth and analyzed.

Geometry and Kinematics
Let a deforming space beam be set in a three-dimensional inertial

frame 1'. All vectors and vectorial operations associated with the
beam are defined in 1'.

Let R(()\s) denote the position vector, in T, of the centroidal
line of the space beam with arclength s at an initial time t = t().
Let uf]\s) (i = 1,2, 3) denote a right-handed triad of mutually
perpendicular unit vectors at any point P on the line, with u^ (s) =
R((J> being the unit tangent to the line at P. Take ra (a = 1, 2) as
arclength coordinate along straight lines going through u(^(s) at
P, The ra plane cuts the beam along a closed planar curve that is
defined to be the beam cross section, and the M£)} are taken to be
the principal inertia directions of the thin material slice with mass
center at P. In general, the directions of uf} vary along the beam
but are assumed to be known.

At times t > t(}, the material line R(()} deforms into a line R(s,t)
(the current line). Here, s is a Lagrangian variable, s is arclength,
and X = ds/ds is the stretch. A unit tangent to R is 113(5-, /) =
A~'/? , v (s, t), acting at the material image P' of P. The deformed
material image of the ra plane is not planar due to many effects
such as shearing deformations, cross-sectional distortions, warping,
anisotropy, pretwist, etc. The BE assumption ignores these effects
and assumes that the material image of the triad uf} is a mutually
orthogonal rotated unit triad u\ (s, t ) , such that u^ is tangent to R and
u\ and u2 are in the principal directions of the undistorted deformed
cross sections. For further discussion, see Love3 and Rosen.1 Some
of the effects are more important for the constitutive relations than
for the gross dynamics of the beam. The approach adopted here

emphasizes this point by adopting the BE assumption for the gross
dynamics of the beam and, at the same time, allowing for more
general constitutive relations. Similar approaches are common in
many variants of beam, plate, and shell statics, where a higher level
of precision is required from the kinematics than from constitutive
relations. This extends into dynamics too.18'19

For simplicity, the cross sections of the beam will be assumed
to have sufficient symmetry so as to warrant the assumption of the
coincidence of the inertial, elastic, and centroidal axes. Slight devi-
ations due to curvature effects are not important. More significant
deviations lead to additional coupling that should be taken into ac-
count. This can be done within the scope of the present approach
but will not be pursued in this paper.

The curvature vector K, — /C/M/ and angular velocity vector G =
oijUi are defined as the space and time derivatives of the triad u\ (s, t)
as follows:

UjiX = K X Uj = —

Ujj = G x Uj = -eijkofjUk

(1)

(2)

where eijk is the three-space permutation symbol and the conven-
tion of summing over repeated indices is adopted. Both vectors are
widely used in the statics and dynamics of space beams,7'8 so that
details need not be repeated. The use of s (rather than s) is conve-
nient for time and space separation. Note that, from a geometrical
point of view, K, = A."1/^ is the true curvature.

Three-dimensional vector functions B(s, t) — BjUj may be de-
fined along the beam. Their spatial and temporal derivatives must
incorporate the differentiation of the triad itself. Using the aforemen-
tioned the expressions for these derivatives bear a formal similarity
to those of tensor derivatives, as follows:

where the bar symbol denotes covariant differentiation

#/l.v = #/,.v - eijkBjKk Bj\t = Bi>t - eijkBjOik (4)

The KI and a/ are interrelated by the equations of space-time
compatibility that result from the equality of the second mixed
derivatives of B: B st = Bits. The resulting equations are (see Ap-
pendix A)

These equations are useful in dynamic intrinsic analysis. They re-
place the more common kinematic relations (displacement-strain-
curvature change) of the displacement formulations. Some addi-
tional relations that stem from the preceding are

Gt =aittUj\ G v = KiitUi

K t — G v = G X K,

(6)

(6a)

(6b)

Accelerations and Acceleration Gradients
An essential requirement of the dynamic intrinsic formulations is

to be able to express the acceleration terms in the equations of motion
in terms of the deformation variables K/, a,-, and A. The translational
acceleration vector A = R tt cannot be brought to intrinsic form,
but its spatial gradient

A,, = (A.M3),H = A/ | . ¥M/ (7)

can be expressed in terms of the direct deformation variables and will
be used as the basic kinematical quantity in a new representation of
the equations of motion. The simple calculation using the formulas
presented earlier yields a general expression for the second time
derivatives of u\ :

(8)
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where 8ik is the Kronecker delta symbol. Putting / = 3, the result
for A/|.v is

where

(9)

(9a)

A useful expression for the calculation of the angular accelera-
tion is

um x Ujjt = emkq

In particular, setting m = /,

um x umjt = (<$_/*«/,, + eijk(Xi(Xj)uk (k ^ m) (10)

In the preceding equation, the left side is not summed and the sum-
mation of k on the right side extends over k ^ m only.

Equations of Motion and Transformation
to Intrinsic Form

The equations of motion follow from the balance of linear and an-
gular momenta. The linear momentum equation yields the standard
form,

pRttt = pA= F, + q (ID

where F = F\u\ is the cross-sectional force resultant vector, q —
qjiij is the loading (per unit undeformed length), and p is the mass
per unit undeformed length.

The component form of the equation is

i = Fi\s+qi (12)

As explained before, this equation must be differentiated so that the
acceleration be expressible in intrinsic form. This yields

(13)

Use of the kinematics yields the final component form of the trans-
formed equations:

(14)

Note that if (l/p)q and A are uniform along the beam (i.e., are func-
tions of time only), then they drop out of the transformed equations.
This includes the important case of gravity loading.

The vector form of the equation of angular motion comes out
of the equation for the balance of angular momentum. It has the
standard form

= A,M3 x F + Af iV + m (15)

where M = M\u\ is the cross-sectional moment-resultant vector,
with components turning around the corresponding axes; m — W/M/
is the moment loading (per unit undeformed length); and SI = Quj
is the time rate of the angular momentum F, per unit undeformed
length (with respect to the centroidal mass line).

From the definition of F, it follows that

(16)

where //, is the mass per unit cross-sectional area, per unit unde-
formed length, and r — r\u\ + T^UI is the cross-sectional position
vector. Hence,

(17)

If, as assumed, ut are principal directions, the mixed terms vanish,
resulting in

= 72Ml X Uittt + I]U2 X U2,tt

where

/i -

(18)

(18a)

are the principal mass moments of inertia. Use of previous kinematic
results yields the detailed expressions

£2i = I\(OL\J H- a2oi^] (18b)

(18c)

(18d)

The component form of the angular momentum equations becomes

ft/ = Mi |, - X.e3ij Fj + m/ (19)

As is well known, the terms £2i and £22 may be dropped within the
BE approximation. This leads to the final form for the balance of
angular momenta:

j = Mk\s + mk (20)

Constitutive Relations
Neither development nor in-depth discussion of constitutive re-

lations are included in this paper. The existence of constitutive al-
gorithms of the general form

Af/(A., * / , . . . )=>= M/ (21 a)

(21b)

is postulated. Here, M\ and F^ are any processes or equations that
transform the kinematical variables X and K\ (and possibly their time
and space derivatives) into moments Af/ and force F3. The material
need not be elastic, and the algorithm may also be numerical—as is
the case in some elastoplastic analyses. Viscoelastic effects can be
introduced via the time derivatives of A, and KJ.

The most common relations are those of the ordinary approximate
theory3 that can be used in cases of elastic slender beams of relatively
compact cross sections and weak initial curvatures. These are

(21c)

where D, and C are material-geometrical constants. It should be
stressed, however, that in the general case the effects of initial cur-
vatures and pretwist cannot be neglected. The useful approximation
of inextensionality is effectively introduced by setting A = 1 and
deleting Eq. (21b).

End and Initial Conditions
Conditions and data specified with respect to the current triad are,

as a rule, easier to handle in intrinsic formulations. Specification of
forces Fj and moments Af/ at the ends poses no difficulty since they
are subsets of the field variables. The same holds for kinematic con-
ditions on the angular velocities a,. The handling of linear velocity
data Rit =f(t) is not as straightforward, since linear velocities are
not included in the field variables. However, i f R t is specified, then
R tt = f ( t ) f — A(t) is also known at the end, assuming that it can
be broken down into its components A/ = /}],. Then the original
equations of motion at the ends are to be used as end conditions:

j -qi = pfj\t - (22)

The conditions involve derivatives of the forces and the loading.
Note the reappearance of the uniform loading that dropped out of the
field equations. This is as should be: uniform loading or acceleration
should not cause any stresses unless there is interference with the
motion, caused by the kinematic constraints.
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Homogeneous end conditions can be regarded as intrinsic data
and pose no problem. These include (among others) the classical
cases.

Free end:

Hinged end:

Clamped end:

i =0 MI = 0

= ai=()

(23)

Extrinsic Conditions
In many practical situations the end conditions are specified in

terms of fixed external directions. To use such data, the orientation
of the triad at the end with respect to the external directions must
be known at all times. This can be achieved by step wise integrating
the expressions for the triad at the end:

Ar) = [8ki -

uk(t) + 0[(Af)3] (24)
This equation should be appended to the list of field equations and
used after each step wise integration to recalculate the components
of the end data. Although there is no theoretical difficulty in this ap-
proach, it makes the intrinsic formulation somewhat more cumber-
some to apply and its use should be weighed against other possible
formulations.

Initial Conditions
As in any dynamic problem, position, velocity, and state of de-

formation should be given at the initial time t = to. This requires,
in general, that the beam be oriented at t = t(} in the inertial frame
and all its properties be known in this frame. From these, the initial
values of the deformation and static variables can be directly calcu-
lated, so that the time integration process can be started. Satisfaction
of the initial conditions also assures compatibility at the initial state.
Together with Eqs. (5), compatibility is preserved for t > r{). See
example in Appendix B.

Summary of the Field Equations
The field equations for the fully intrinsic nonlinear dynamics of

space beams consist of the transformed equations of linear and an-
gular motion (14) and (20), equations of compatibility (5), and con-
stitutive relations. Explicit forms for second covariant derivatives
are given in Appendix A.

End conditions relate to the moments Af/ , forces F, , angular ve-
locities a/, and accelerations A/ . The latter represent data on the
position or linear velocity at the end through Eq. (22). Extrinsic
directional data at the end may require the use of Eq. (24).

The number of equations can be reduced as follows: FI and F2
can be eliminated with the aid of the first two of the equations of
angular motion and then F3 and Af/ can be eliminated with the aid of
the constitutive relations. This leaves seven equations in the seven
deformation variables (A, K/, and a,-). The further elimination of the
oij (pure intrinsic dynamics) can be done in linear problems but is
otherwise complicated. See the section on linear dynamics.

A detailed listing of the equations is given next. It is arranged
in sequential order that can be followed in a direct time-integration
scheme; for simplicity m\ — m2 — 0 and constant p were taken.

Transformed Equations of Motion

(25a)

(/i + 72)a3,, = M3t

+ KiM2 + (/i -

Kinematics

Constitutive Relations

F3 = F3(A., */ , .

(25c)

(25d)

(26a)

(26b)

(26c)

(27a)

(27b)

The expressions in brackets are for the linear BE case (ordinary
approximate theory) and for the case where a strain energy density
function U (per unit undeformed length) is available.

Auxiliary Equations
These express the quantities F/ |.v in terms of F3 and Af / :

F3|lV - F3,.v

FI|.V - K2

F2\s = -

ltS + K2M2tS)

-t-

- KlM2)] (28a)

(28b)

(28c)

They are to be substituted back into the equations of motion but are
listed separately for convenience.

Expressions for stepwise integration of the end triads are ap-
pended to the list of equations, as necessary (see the section on end
conditions):

[-a2(Ar)

-f X2 (25b)

(29)

where Af is the time step. Expressions for u2 and H3 can be obtained
from the preceding by cyclic permutation of the subscripts. The
equations can be applied whenever the current directions of the
triad are needed.

Numerical Integration of the Field Equations
A suitable method is that of stepwise integration in time, starting

from the initial conditions. At each step, the list is advanced through
a time step (AO, proceeding from top to bottom. The quantities on
the right side of the equations are taken from quantities already deter-
mined in the current step or, if not available, from the previous step.
Partial or complete iterative loops can be performed. Where spatial
derivatives are required, a discretization scheme can be used (finite
differences of finite elements). More elaborate schemes exist.8 In
steady-state or quasistatic problems, a reversed order of solution
may be chosen with spatial integrations.

Uniform Loads
A beam loading that is independent of s for all t, that is,

( l / p ) q = q(t), is a uniform loading. A common case is the weight
of the beam itself. As explained before, these loads do not appear
in the field equations and are reintroduced as end conditions when-
ever kinematic constraints are imposed, which interfere with the
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motion. To apply the loading term at the end, the orientation of q
with respect to the triad must be known. There is no problem if the
end is held against rotation (a/ — 0) or if the angular velocities
are specified at the end (such as in steady-state motion). In other
cases of end constraint, where end values of a,- are not given, the
stepwise integration scheme for the end triad must be used [Eq. (24
or 29)].

Planar, Fully Intrinsic Dynamics of Curved Beams
Let the motion take place in the u\-u^ plane. Set
a\ — o?3 = K\ = /C3 = MI = MT> = m\ = m-$

oil = cf, K2 = K, MI = M, m2 — m (31)

Compatibility (5) reduces to the single equation K t = a > v , which
is identically satisfied by a function <p such that K = (pt!l and a. — <ptt.
It can be identified as the angle between M3 and the fixed x direction
in the planar. Although the introduction of (p is not needed for in-
trinsic data, it is helpful for problems associated with external direc-
tions, which can be easily incorporated into the intrinsic-dynamic
formulation. Taking, for simplicity, a constant p and m = 0, the
equations reduce to

p(X tt — X(p2
t = N>ss — (p ^N — 2<p SQ s

- 9,sq\ (33)

\Q = -M,.v (35)
A similar set of equations was developed by Libai13 and was used for
studying the large-amplitude flexural oscillations of straight bars.
A later development that incorporates the effects of shearing de-
formations appears in Ref. 21. To add the shearing deformation
effects, the following terms should be added to the right sides of
Eqs. (33-35):

(36)

(37)

(38)yN + I2(pM

where y is the shearing angle. Here, N and Q are taken to be normal
and tangential to the (averaged) deformed cross section, and (p is its
orientation. Appropriate constitutive relations should be added to
complete the system.

Force, moment, and angular boundary conditions for Eqs. (33-
35) present no problems. Kinematic constraints can be repre-
sented by specifying the accelerations A\ and A 3 at the bound-
aries. These reduce to conditions on the derivatives of the forces as
follows:

-(p,sN -q\

(39)

(40)

Uniform (gravity type) loading is given by (1 /p)q\ = —g cos (p and
(l/p)q<$ = —gsincp. These drop out from the field equations but
reappear in the boundary conditions when kinematic constraints are
imposed.

The availability of cp as a field variable in the planar case makes it
simple to pass from fixed external directions to the local deformed
directions and vice versa. It is evident that all of the features of intrin-
sic beam dynamics are preserved in the planar case in a simplified
form. In particular, it can take on strong nonlinearities, both material
and geometrical. Many studies on planar dynamics exist, some of
which are quite recent. (See cited literature and quoted references
therein.)

Linear, Fully Intrinsic Dynamics of Space Beams
For sufficiently small incremental deformations and angular ve-

locities from a known state of motion, the field equations can be
linearized with respect to this state. As an example, consider lin-
earization from the undeformed state, which should be a valid ap-
proximation for sufficiently small deformations, loads, and angular
velocities. Putting s — X — 1 = extensional strain, k\ — KJ — /c/0) —
curvature changes, substituting into the equations, and linearizing
in FJ, M/, kj, s, a/, and g/, a set of linear equations is arrived at:

(/i

l.v (41)

j = Mk\s + mk (42)

« , * = « / 1, (43)

Here, the covariant operation has a linear form:

B\t = Btt and Bi\s = BitX - e^B^f* (44)

The constitutive relations are also linear, and so are the initial and
end conditions.

Pure Linear Intrinsic Dynamics
These are dynamics that involve the pure deformation variables

(s and ki) only. Using the formulas

kj tt = a/ | f y = a,- I v f (45)

which are valid for the linear case, a, can be eliminated from the
field equations. For simplicity, p and I\ + I2 are taken to constants.
The detailed equations are

ps,tt =

L + m, |.v - q2)\xx

pk2>tt = (M2\ss + w2|,

(46)

(47)

(48)

(49)

To these, linear constitutive relations are added. Pure linear in-
trinsic dynamics are available for a general continuum, too (see
Appendix B).

Discussion
Some of the merits and demerits of the dynamic intrinsic method

are summarized in this section. These should be useful when possi-
ble approaches to a particular application are weighed.

Advantages
1) The equations are formulated in terms of direct deformation

variables and can accommodate large deformations without undue
complications.

2) Uniform loadings and (translational) accelerations drop out of
the equations. Stresses arise from nonuniformities and from geomet-
rical constraints. In problems involving large-scale motion that is
interwoven with small scale nonlinear deformations, the automatic
canceling out of the large-scale motion is facilitated.

3) The method utilizes the current geometry as reference and
can accommodate loadings and end conditions that are specified
with respect to it. This includes pressure, drag, some specified end
loads, and also the classical conditions of free end, clamped end,
and simply supported end.

4) Some specialized theories are easily formulated. Examples are
inextensional theory (X = 1) and steady-state rotation (#,•, = X ,=
a,-,, =0).

5) Constitutive relations are applied directly to the field variables,
and inelastic and time-dependent properties are easily introduced.

6) The equations are presented in a time-rate form, which is con-
venient for time-integration schemes.
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Drawbacks
1) The method is specifically oriented towards solving dynamic

problems. Although static problems can be accommodated, they can
be more easily solved by other means.

2) If the current position is an important objective of the analysis,
then displacement formulations or mixed formulations are more
advantageous.

3) Data with respect to fixed directions in space cannot be handled
easily (the planar case is an exception).

4) The method is strain-curvature oriented and, essentially, uses
first and second displacement derivatives for its field variables.
Hence, specific care regarding possible discontinuities must be ex-
ercised in the construction of its numerical algorithms. For example,
a discontinuity in a curvature implies a second-derivative disconti-
nuity in displacement formulations, whereas in intrinsic methods it
implies a discontinuity in the field variable itself.

5) There are no well-established solution routines or varia-
tional techniques available for applicable cases. These still await
development.

Appendix A: Space and Time Derivatives on a Beam
For compactness, it is useful to regard the equation of the position

vector R(s, t) of the centroidal line of a space beam for all s and
t as that of a surface in three-dimensional space with coordinate
lines £a(£! = s, £2 = 0- Coordinate lines £2 = C denote the shape
of the beam at a given time, whereas the lines £ l = C denote the
trajectory of a material point with initial positions. The rotational
velocities of the unit triad on R are denoted by a)ai (a = 1, 2) with
a)U = KJ and tw2/ = <*/ • Here, Greek indices relate to the surface and
Latin indices relate to the triad n/.

For any three-dimensional vector B(s, t) defined on the beam, the
derivatives can be expressed in terms of the triad as follows:

It follows that

(Al)

(A2)

uk (A3)

(A4)

(A5)

The space-time compatibility equations assure the symmetry of the
last term:

«/,« = -eijka>ajuk

i \a = £/.« + eijka)ajBk

Bi\ap = BitCtp

toaj,p — topi,a = ^ijktoajO)pk (A6)

Appendix B: Intrinsic Dynamics of a Continuum
The equations of motion of small deformations of a continuous

medium with a constant mass density p are

(BI)

where rj |/ is the mixed stress tensor, Pj is the loading, Uj are the
displacements, and FJ is the force unbalance that is introduced here
for convenience. The strain tensor is given by

2eu = ui\j + uj\i (B2)

Differentiation and elimination of the «;- yield the intrinsic equa-
tions of motion:

Fk\j (B3)

(B4)

Linear constitutive relations or algorithms relate the stresses to the
strains and possibly their time derivatives. The simplest relation is

Substitution into the preceding yields six equations in the etj and
their space and time derivatives.

Boundary and Initial Conditions
Stress boundary conditions pose no problem. Kinematic boundary

conditions require the specification of uitt — /)(/) on the bound-
ary 3V. Substitution into Eq. (BI) yields a condition on the stress
gradients

TJ|. = f j , t - P j (B6)

The ease of implementation of the kinematic boundary condition
constitutes an important advantage of the dynamic intrinsic method
over corresponding static intrinsic formulations.

Initial conditions at t = to consist of specifying u\ and Ujtt at
t = t(). From these, e\j and eijyt can be calculated directly by spatial
differentiation.

Compatibility
Let Lj (ejk) = 0 (/ = 1 , . . . , 6) be the six compatibility equations

of linear continuum mechanics. The formal analogy between Eqs.
(B2) and (B3) (with FJ replacing Uj) assures that elimination of the
FJ from Eq. (B3) would result in

Lj(ejkttt) = 0 (/ = ! , . . . , 6) (B7)

The initial conditions assure that Lj(ejk) = 0 and L/(e/*,/) =
0 at t = to. It follows that compatibility will be satisfied for all
t > to. This implies that the system of intrinsic dynamics satisfies
the compatibility equations automatically.

Regarding angular motion, the antisymmetric part of the Fj\k
tensor is related to angular accelerations. If position is of interest, it
can be used to calculate the motion. Otherwise, it is of no interest
in linear analysis.

Nonlinear Analysis
Here, angular velocities contribute to the translational accelera-

tions and must be included. Let the velocity gradient djj be defined
by

(B8)

where Ejjk is the tensorial permutation symbol, otk are the angular
velocities, and g/;- is the current metric tensor. The equations reduce,
in this case, to the following closed system.

Motion:

Kinematics:

Constitutive:

gu,t = dij + djt

(B9)

(BIO)

(fil l)

r'V - CijkLekL (B5)
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